We consider deflections of a thin rectangular elastic plate submerged within a Newtonian fluid. The plate is clamped along one edge and supported horizontally over a plane horizontal wall. We consider both external driving, where the clamped edge is vibrated vertically at high frequencies, and thermal driving where the plate fluctuates under Brownian motion. In both cases, the amplitude of oscillation is assumed sufficiently small that the resulting flow has little convective inertia, although the oscillation frequency is sufficiently high to generate substantial unsteady inertia in the flow, a common scenario in many nano-and micro-devices. We exploit the plate's thinness to develop an integral-equation representation for the flow which offers considerable computational savings over a full boundary-integral flow formulation. Limiting cases of high oscillation frequencies and small wallplate separation distances are studied separately, leading to simplified descriptions for the hydrodynamics. We validate these reduced integral representations against full boundary-integral computations, and identify the parameter ranges over which these simplified formulations are valid. We also examine the limits of two-dimensional hydrodynamic models and note slight differences in the frequency response curves for a narrow elastic plate subjected to two-dimensional, in place of fully three-dimensional, hydrodynamic loading. ‡ rj.clarke@auckland.ac.nz Q.
Introduction
Understanding the way in which fluid damping can influence the response of a microscopic flexible plate to external and thermal driving provides important insights into the functioning of a host of microdevices. Although plate dimensions and deflection amplitudes within such devices are often sufficiently small that convective inertia in the flow can be neglected, the high speeds reached by many microdevice components often result in highly unsteady flows. Advances in microtechnologies are therefore driving an urgent need to understand better these unsteady low-Reynolds-number flows, which have been studied since the early work by Stokes (1) on the two-dimensional flow driven by an oscillating, infinite-length circular cylinder.
Some of the most advanced elastohydrodynamical modelling has been conducted with the atomic-force microscope (AFM) in mind, where the forced oscillations of a narrow microcantilever are used to map the surface topology of a biological specimen within a fluid environment (2) . Important contributions in this respect have been made by coupling classical results for two-dimensional flow around the cantilever to a one-dimensional EulerBernoulli beam description for the elastic behaviour ( (3)- (5)). Other examples include single-molecule biosensors, which measure the response of a nanocantilever as molecules bind to it (6) , as well as an increasing assortment of microelectromechanical systems (MEMS).
In general, however, microdevices contain plates that are finite in length and can bend significantly across their width (in full-contact mode atomic-force microscopy, for example, spanwise deflections are used to determine specimen surface properties, see (7)). In the absence of hydrodynamic effects, (8, 9, 10) have computed the elastic response of finitewidth plates with realistic AFM cantilever shapes. More recent work on the hydrodynamical aspects has used slender-body theory to examine the three-dimensional fluid effects near the ends of a finite-length cantilever that has negligible width (11) .
The precise details of a flow within a microdevice will, of course, depend upon the exact configuration of the device in question, which will vary considerably across different technologies. The AFM cantilever, for instance, is often attached to the end of a thin chip (often alongside several other cantilevers), whereas other microdevices may have their elastic plates embedded into solid vertical surfaces. It is not our intention here to faithfully reproduce the configuration of any one specific microdevice, but rather to develop useful computational techniques and to illustrate the potental limitations of certain modelling assumptions, which we hope will find broad application. Hence we present a study of the coupled fluid-solid behaviour of an elastic rectangular plate that is clamped at one end (although details of the support structure are omitted) and submerged within a Newtonian fluid. This plate oscillates at high frequencies but with low amplitudes, above a plane wall. Taking the limiting case of a rigid plate enables us to extend into three-dimensions earlier two-dimensional work on wall effects in oscillatory Stokes flow (12) . This is achieved by developing a simplified description of the unsteady three-dimensional Stokes flow from the exact boundary-integral formulation proposed by Pozrikidis (13) . Furthermore, we
give a general treatment of the elastohydrodynamics and can assess the range of validity for simplified descriptions. Our results confirm the range of validity of simplified model descriptions, identify occasions when the flow may be considered to be essentially twodimensional and enable us to examine the frequency response of an externally-or thermallydriven, fluid-damped elastic plate.
We begin in § 2 by introducing the elastic-plate equations governing the solid-body ( § 2.1) and unsteady Stokes equations governing the flow ( § 2.2) and then describe how these couple together. Circumstances under which simplifications to the model can be made are identified in § 3. We describe the numerical approach in § 4, and results are then presented in § 5.
Overall conclusions for the work are summarized in § 6.
Formulation
We consider a thin elastic rectangular plate of length L * , width 2R * and uniform thickness 2D distance between the bottom of the plate and the wall. The nondimensional plate width and thickness are then denoted by R and 2D, respectively. The fluid loading per unit area F * is scaled on A * ω * µ/L * .
Solid-body dynamics
Expressing strains in terms of plate curvature and assuming a Hookean stress-strain relationship, a vertical force balance and moment equilibria lead to the dimensional plate
where M ≡ ν/ω 0 (L * ) 2 and Ω = ρL * /ρ p (2D * ) (see Table 1 in 5.2 for typical operating values of Ω and M in both air and water).
Driving the plate externally involves prescribing the following boundary conditions at ξ = 0:
and invoking free-edge conditions along the other sides:
The behaviour under thermal driving, however, is determined by computing the response of the plate following the application of a point torque to the plate tip, in accordance with the Fluctuation-Dissipation Theorem approach (6, 5) . Under these circumstances the boundary conditions become:
For computational purposes we decompose the fourth-order equation (2.2) into a pair of coupled second-order equations
(where −v is the average curvature, which can be shown to be invariant under rotations of the coordinate system in the (x 1 , x 2 )-plane (17) ) with the externally-driven boundary conditions along the non-clamped edges (2.3b,c) now becoming
whereas the thermal boundary conditions along the non-clamped edges (2.4b-d) become
In general, the hydrodynamic loading F will be a functional of the deflection w. The assumption of small-amplitude deflections, however, considerably simplifies the nature of the elastohydrodynamic coupling.
Flow dynamics
The amplitude constraint A * 2D * allows us to consider low-Reynolds-number unsteady flow and to linearize the boundary conditions. Hence for hydrodynamical purposes we need only consider the rigid plate surface S (as depicted in figure 1 ). We look for flows of the form Re(U * ue iω * t * ) which, under nondimensionalisation, are governed by the oscillatory Stokes equations (18) iγ 8) where u and p are the fluid velocity and pressure, respectively, and γ ≡ L * ω * /ν = M −1/2 ω 1/2 . Equations (2.8) must be solved subject to the boundary conditions
wherex 3 is the unit normal in the x 3 -direction, i.e. the velocity at a point on the plate's surface is proportional to the deflection of its midplane at the location (ξ, η), the vertical projection of the surface point onto the midplane. The fluid loading on the plate F is given by
where σ is the Newtonian stress tensor for the fluid.
Oscillatory Stokes flow can be expressed in boundary-integral form as (14)
(summing over repeated subscripts 1 ≤ i, j, k ≤ 3) where y ∈ S and Y is, in general, any point in the fluid domain. By allowing Y ∈ S, where the flow velocity is known via the boundary conditions, we obtain an integral equation for the unknown function g.S ij is the symmetrical oscillatory Stokeslet which accounts for the presence of a plane wall, as derived by Pozrikidis (15) (see Appendix A). Since 12) determining the additive contribution to g 3 from the upper (S U ) and lower (S L ) horizontal surfaces provides the hydrodynamic loading on these surfaces up to a known constant 2Dγ 2 w γ 2 . This known constant is negligible when γ = O(1) since 2D R 1
and is subdominant to the O(γ 2 ) contributions from F ≡ σ 3knk | SU + σ 3knk | SL (specifically the added mass) when γ 1, and hence can be neglected.
This additive contribution of stresses on the horizontal surfaces can be approximated by exploiting the thinness of the plate (D R), to expand the surface distribution of Stokeslets in (2.11) about the mid-plane of the plate at x 3 = ∆ + D. This allows us to approximate the flow using just a single plane of three-dimensional image Stokeslets over the mid-plane (rather than a full surface covering) as
where x = Λx 1 + Ξx 2 + (∆ + D)x 3 is a point in the mid-plane and X = ξx 1 + ηx 2 + (∆ + 2D)x 3 is a point on the upper surface. Therefore, from the above discussion, we expect
We note from Appendix A that many of the terms involving y and Y contained within S ij in (2.11) are premultiplied by γ. Therefore, to expand about the mid-plane, we require γD 1. In other words, the γ −1 distances over which vorticity diffuses during each oscillation should be much greater than D for the present approximation to be valid.
Consequently the flows around the edges of the plate, which are only 2D in length, are quasi-steady and dominated by O(s −β0 ) singularities at the edges where horizontal and vertical surfaces join (19) . The variable s here is a measure of the distance along the edge to the nearest corner and β 0 ≈ 0.5. The drag contribution from the sides is therefore
and hence can be neglected.
We shall refer to (2.13) as the three-dimensional thin-plate-theory (3D TPT) approximation. It is anticipated that f 3 will provide the additive hydrodynamic stresses from the upper and lower surfaces, and hence the dominant hydrodynamic loading on the plate. Therefore (2.13) presents a more efficient and appealing method for computing hydrodynamic damping than a full three-dimensional boundary-integral treatment (2.11).
Furthermore, since the linear elasticity equations are derived in the asymptotic limit of zero thickness, 3D TPT is the consistent formulation for the hydrodynamic loading.
Under certain circumstances, namely at high frequencies of oscillation or small plate-wall separation distances, we are able to simplify the flow formulation still further, in ways that we discuss in § 3.
Limiting Cases
In general, the flows generated by an oscillating plate will be three-dimensional due to the generation of flows around the edges of the plate. Sufficiently close to the edges these flows will be quasi-steady in nature, although for oscillatory flows it is well known that the range of viscous effects scale with the inverse of the oscillation frequency (for example, see (20, 21) ∆, i.e. when the separation distance is much greater than the thickness of the Stokes layers present on both the wall and plate surface).
The locally two-dimensional flow along the length of the plate can also be described through a boundary-integral formulation analogous to (2.11) that uses a mid-plane distribution of two-dimensional oscillatory StokesletsS ij which take account of the wall's presence (as computed by Chu and Kim (22) , see Appendix B). In this limit it proves useful to rescale lengths on plate width rather than plate length, x ≡ x/R, and to rescale the frequency parameter in a similar manner γ ≡ Rγ. The two-dimensional boundary-integral representation for the flow then becomes (23)
(summing over repeated subscripts 1 ≤ i, j, k ≤ 2) where y ∈ C, the perimeter of the plate's cross-section at a station 0 < ξ < 1/R along the plate's length, u refers to the flow in the local (x 2 , x 3 ) plane, Y is a point in this same plane (but not within the body of the plate), and σ represents the corresponding stress tensor for the two-dimensional flow. As in the three-dimensional case, we expect the overall hydrodynamic load on the two-dimensional plate F to be dominated by the fluid stresses on the upper and lower surfaces
where C U and C L denote the upper and lower surfaces of C, respectively.
As before, when the thickness of a two-dimensional plate is small compared with its other r. j. clarke, o. e. jensen and j. billingham dimensions, we can expand the surface distribution of Stokeslets in the boundary-integral expression about the plate's mid-plane (x 3 = ∆ + D ), leading to a two-dimensional TPT (2D TPT) approximation
where f will denote a distribution of two-dimensional Stokeslets which, as in the threedimensional case, is expected accurately to approximate F , from which the overall load on the plate can be computed. Here, x = Ξ x 2 + (∆ + D )x 3 is a point in the mid-plane in the (x 2 , x 3 ) plane and X = η x 2 + (∆ + 2D )x 3 is a point on the upper surface.
Unlike the slender-body flow approximation for flow around a body with rod-like geometry (11) , in general no leading-order local force-velocity relationship exists in the 2D TPT formulation (3.3) upon which an asymptotic expansion can be constructed. However, when the frequency of oscillation is high (γ 1) viscous effects become localized, which can lead to significant simplifications. This can be seen by splitting the two-dimensional oscillatory free-space Stokeslet S ij (see Appendix B) into its inviscid and viscous contributions
The second integral contains viscous terms, whilst the first integral contains a distribution of two-dimensional dipoles
The modified Bessel functions K 0 (z) and K 1 (z) in the viscous expression exhibit exponential decay for |z| 1 and so we expect a non-negligible viscous contribution to the second integral over only an O(γ −1 ) interval about Ξ = η. This suggests the rescaling Ξ =
where
and x 2 = Ξ , x 3 = D and r 2 = Ξ 2 + γ 2 . Hence in this high-frequency limit the leading-order inviscid flow depends upon the full width of the plate and requires a distribution of dipoles along its mid-plane, whereas viscous contributions are local to a given point. Although (3.6a) still must be solved numerically, by discretizing into elements along the mid-plane and assuming the f j are constant on each element, this approach offers substantial computational savings, since we can integrate the dipoles analytically over each element, thereby dispensing with the greatest overhead, numerical quadrature. We shall refer to this limit as the two-dimensional high-frequency thin-plate-theory (2D HFTPT)
approximation. In § 5 we shall compare the plate deflections calculated using this twodimensional hydrodynamic loading against those computed using full three-dimensional flows.
Hydrodynamic wall screening (
When the wall-plate separation distance is of similar size to the thin oscillatory Stokes layers on the solid surfaces (∆ ∼ γ −1 ) and smaller than the smallest horizontal plate dimensions (∆ min(1, R)), we expect the dominant drag contribution to come from an unsteady lubrication region between the wall and the plate. The flow in this gap can be examined by rescaling distances, velocities and pressure as follows:
The leading-order flow is then governed by (dropping tildes)
where τ = γ∆, subject to the no-slip and no-penetration conditions
jensen and j. billingham
This is solved by
where ∇ s = (∂/∂x 1 , ∂/∂x 2 ) and
Imposing the no-penetration condition (3.10b) then provides a Poisson equation for the pressure
where we specify the pressure at the plate edges to be zero, to leading-order in ∆. In Determining the dynamics of the plate in this small-∆ limit therefore involves solving
Poisson's equation for the pressure (3.12) alongside the elasticity equations (2.2):
We shall describe the simplifications that this brings to the numerical computation in § 4.
Moreover, when the plate is narrow in this small separation limit (∆ R 1) we can find the leading-order deflections and pressure asymptotically, by exploiting the fact that narrow beams show very little transverse bending i.e. w(ξ, η) = w(ξ). Rescaling η = Rη, the pressure equation (3.12) takes the form (3.14) subject to p(ξ, ±1) = 0. Expanding pressure in powers of R we obtain
We should, however, note that the two-dimensional pressure solution p (2) given by (3.16) is unable to satisfy both zero pressure and non-zero deflection conditions at ξ = 0 and ξ = 1 simultaneously. We therefore consider the clamped-end region where ξ = O(R) by rescaling ξ = Rξ, which leaves us needing to solve
for the non-trivial pressure, subject to the boundary conditions
as well as tending towards the two-dimensional solution away from the edges
This Poisson equation can be solved by posing the inhomogeneous solution
which matches the outer solution asξ → ∞ and then calculating the harmonic function which cancels the non-zero values of the pressure atξ = 0 and decays at largeξ
Separation of variables then gives us the clamped-end-region pressure near ξ = 0
Similar analysis gives the end-region pressure near ξ = 1 and hence the pressure can be expressed as the following composite expansion:
However, a note of caution is in order. In the case of extremely small gap thicknesses or in the presence of rarified gases, the above analysis may need to be modified to take account of failings in the no-slip condition in these regimes (12, 25) .
In § 5.1 we compare hydrodynamic loadings obtained using this composite expression with those computed using 3D TPT, in the small separation limit. The results of this analysis will be presented in § 5.
Numerical Scheme
We solve the coupled 3D TPT equation (2.13) and plate equations (2.5) numerically by discretizing the plate into N ×M equally-sized panels, in the ξ and η directions respectively, setting ξ m = m/N and η k = kR/M . We assume that the Stokeslet distribution f is uniform over each panel. The elastohydrodynamics can then be approximated by the
contains values of w and v at internal points on the plate,
contains internal values of f , whilst
consists of the boundary values of w and v (where the matrix Π 0 augments Y 0 with zeroes in the necessary places). The values in Y 0 are determined by the boundary conditions given in (2.6), which produce a set of (2N + 3M ) equations relating internal points to boundary
where M 1 , M 2 contain the finite-difference approximations to conditions on deflection derivatives in (2.6) (using three-point uniformly-spaced central differencing) and B contains the relevant boundary conditions. Hence
giving, on substitution into (4.1),
r. j. clarke, o. e. jensen and j. billingham is the discretized elasticity operator in (2.5) and G is the discretized hydrodynamic operator in (2.13), whose entries are defined by Computing the rigid-plate hydrodynamics using 3D TPT amounts to solving the (3N × 1)
The most time-consuming element of (4.1) is evaluation of the hydrodynamic matrix G in Π I . In the small-wall-separation limit, however, the fluid loading can be approximated using a lubrication theory assumption ( § 3.2). Under these circumstances the discretized
is the fluid pressure on the plate and
with
. Π I captures the fluid-structure interactions (recalling that k 0 (τ ) is given by (3.12b)).
Results
We begin by considering the purely fluid-mechanical aspects of the dynamics, by taking the plate to be rigid ( § 5.1). In particular, we examine the effectiveness of the three- 
Rigid Plate
We first illustrate the ability of the various forms of TPT (3D TPT (2.13), 2D TPT (3.3), and (at high frequencies) 2D HFTPT (3.6)) to correctly estimate the hydrodynamic loading on a rigid plate by comparing their predictions with full BEM computations (2.11,3.1) ( §,5.1.1).
r. j. clarke, o. e. jensen and j. billingham
Having established the reliability of 3D TPT, we then use it to illustrate the extent to which the hydrodynamic loading on a narrow plate, that is oscillating at high frequencies, can be approximated using 2D BEM ( § 5. processing power) through the use of 3D TPT (as well as the reductions in the overall size of the system as discussed in § 4).
As we will shortly identify situations in which the flow can be considered to be twodimensional, it proves useful to perform an analogous validation of 2D TPT. Figure 3 shows where the Stokeslet distribution and its derivatives are singular) 2D HFTPT is seen to perform well in capturing the additive Stokeslet distribution, which is highly non-uniform due to the sensitivity of inviscid flow to plate geometry. Under these conditions, the lack of a need for numerical quadrature in the 2D HFTPT scheme results in a very fast method for computing the hydrodynamic loading on the plate.
Frequency Screening
We now study the 3D TPT (2.13) profiles obtained in the absence of the wall. Near ξ = 0 and ξ = 1 there are three-dimensional effects associated with flows around the ends of the plate. The range of these three-dimensional flows is determined both by the frequency of oscillation and the width of the plate.
At low frequencies the lengthscale over which vorticity diffuses (γ −1 ) is much larger than the length of the plate and so the three-dimensional flows generated at the ends are felt across the whole plate. Hence in this regime the cross-sectional Stokeslet profile differs from correspond to γ = 100 and R = 0.1. We shall refer to this effect as frequency screening.
Deviations from this profile occur only at O(R) distances from ξ = 1 (and, by symmetry,
Close to both the sides and ends of the plate we expect an O(s −β0 ) singularity in the Stokeslet profile, where β 0 ≈ 0.5 for viscous flow around a flat plate (19) , although the flows away from these very localized regions differ depending on whether the edge is a plate side or a plate end (as observed in figures 4(a-d) ). The flow near the corners is more complex, with no simple canonical flow providing the strength of the singularity, although the profiles suggest that this corner flow is more singular than along the edges.
Wall Screening
The presence of a nearby wall promotes two-dimensionality in the flow, even at low frequencies of oscillation, where we expect frequency screening to be absent. Figure 4 (e,f) reveals that the discrepancy which exists at large separation distances between the 3D TPT profile across ξ = 0.5 and the predictions of 2D BEM (∆ = 100, figure 4e), disappears once the plate is brought sufficiently close to the wall (∆ = 0.1, figure 4f ). Under these circumstances we expect lubrication theory (3.13) to approximate the fluid loading effectively, and the drag results of § 5.1.4 will reveal the extent to which this holds true. 
Drag
By integrating the vertical component of the Stokeslet distribution f 3 over the plate surface
we can obtain the hydrodynamic drag which acts on the plate. between two-and three-dimensional predictions for drag moduli below γ ≈ 1 and for drag phase below γ ≈ 10, due to the increasing influence of three-dimensionality via longranged viscous effects. When the frequency of oscillation is increased, the two-and threedimensional drags initially converge, as viscous end effects become shorter ranged. However, finite-width inviscid effects become stronger as R increases and these ultimately lead to the small divergence between the two-and three-dimensional drags at high frequencies (yet still within AFM operating range). Understandably the magnitude of this divergence is seen to be a function of plate width.
The influence of the wall is charted in figures 6-7, where the drag amplitudes and phases are plotted against separation distance ∆ for different oscillation frequencies and plate aspect ratios. In all cases we observe an agreement between 3D TPT, 2D BEM and 3D lubrication theory at sufficiently small ∆, due to wall screening effects. In the narrow plate limit (figure 6) we use the asymptotic expression (3.21), thereby validating its effectiveness against 3D TPT and 2D BEM. The validity of 3D lubrication theory is seen to become questionable once ∆ ≈ 1, at which point the predictions of 2D BEM and 3D TPT also begin to differ for a plate of unit aspect ratio (figure 7).
When the plate is narrow (R = 0.1) but the frequency of oscillation is low (γ = 0.1, figures 6a,b), however, 2D BEM and 3D TPT are seen to agree relatively well until ∆ ≈ 10, at which point the drag phases begin to diverge. At moderate oscillation frequencies (γ = 1, figures 6c,d) the agreement is seen to persist even for ∆ 1. This is somewhat surprising as the oscillation frequency should still be too low for frequency screening effects, which we do expect to account for the large-separation agreement when γ = 10 (figures 6c,d). We note also that the value of ∆ at which the drag attains its unbounded limit decreases at higher values of γ, thereby quantifying how the range of the wall's influence diminishes with increasing oscillation frequencies.
Elastic Plate
We now consider non-rigid plates, where deflections governed by (2.5) (a)(i) (a)(i) We consider these plates in both air and water, in the absence of a wall, when driven externally (figure 8) and thermally (figure 9). We begin by noting how the Quality Factor increases with plate width (in agreement with earlier studies (26) 
Conclusions
We have examined the dynamics of a fluid-immersed thin elastic plate oscillating at high frequencies and small amplitudes, close to a plane wall. Initially we considered a rigid, nondeformable plate, in order to focus on fluid effects and to extend earlier two-dimensional theory (12) . The limiting cases of high oscillation frequencies and small wall separation distances, where two-dimensional results are recovered, were therefore of particular interest.
The plate was then allowed to deform elastically, enabling us to treat viscous-damped microscopic plates of the type often encountered in modern micro-devices.
Rigid Plates
For a plate of arbitrary thickness, the flow has a boundary-integral representation, which distributes oscillatory image-Stokeslets over the entire plate surface. However, in the limiting case of a thin plate we approximated the flow using a single distribution of Stokeslets over the plate's mid-plane, a formulation we termed thin-plate-theory (TPT). This 3D TPT formulation extends the formulations proposed by Tuck (27) and Green and Sader (4) for the limiting case of a thin plate, which use a streamfunction-pressure representation for the flow and hence are restricted to consideration of two-dimensional flows.
The validity of TPT in both two and three dimensions was verified by direct comparison with BEM predictions (figures 2, 3a-d), with TPT requiring just 1/100th of the computational time demanded by BEM (at the minimum spatial resolution for numerical convergence). Importantly, when the plate was near to the wall, the additive contribution from differing profiles on the upper and lower surfaces (which provide the dominant fluid loading on the plate) computed using BEM was correctly reproduced using TPT.
We were able to verify that at high frequencies the flow generated by a narrow plate r. j. clarke, o. e. jensen and j. billingham assumed a two-dimensional profile which could be accurately estimated using 2D BEM ( figure 4c,d ). The proven agreement between 2D TPT and 2D BEM therefore permits the flow over much of the three-dimensional plate to be described using just a single line distribution of Stokeslets in the high-frequency regime, thereby facilitating further considerable computational savings.
At especially high frequencies, additional simplifications to the flow formulation were shown to be possible. In two-dimensional high-frequency thin-plate-theory (2D HFTPT), viscous effects were captured by a local coefficient and all non-local phenomena were contained within a dipole distribution, which could be treated analytically, thereby eliminating the need for numerical quadrature. within the operating range of modern AFM's.
The tendancy of strong wall effects to promote two-dimensionality in the flow was also confirmed. The presence of the wall was accounted for in the 3D TPT formulation through the use of three-dimensional oscillatory image Stokeslets (see Appendix A). Figure   4 (e,f) demonstrated that at low frequencies of oscillation, where we would not expect any frequency screening, the flow away from the end of a narrow plate was largely twodimensional provided that the wall was sufficiently close.
These two-dimensional limits were quantified in the profiles of overall drag on the plate as a function of frequency (figure 5) and separation distance (figure 6). At γ = 0.1, the 2D BEM predictions are seen to be reasonably accurate up to ∆ ≈ 10 when the plate was narrow (R = 0.1), but only ∆ ≈ 1 when the plate was square (R = 1). However, when 1 γ and the plate was narrow, relatively good agreement was maintained at all values of ∆. In both cases, lubrication theory became reliable only at distances less than ∆ ≈ 1. In the absence of a wall, we see significant differences between 3D TPT and 2D BEM in the drag moduli for frequencies less than γ ≈ 1 and in the drag phase for frequencies below γ ≈ 10. We hope that these hydrodynamic findings will provide a useful reference source for a variety of different applications.
Elastic Plates
Equipped with approximation techniques for the hydrodynamic loading, we were able to compute the damped elastic behaviour in both air and water of flexible finite-width plates with material properties that matched those of the AFM cantilevers used in the experiments of Chon et al. (2000) (28) . Our attention focussed on the influence of three-dimensional flows around the ends of the plate, which cannot be captured by two-dimensional fluid models. In air we observed that the elastic responses were entirely insensitive to the use of simpler two-dimensional hydrodynamic models in place of more involved three-dimensional hydrodynamic approximations. This, of course, validates the use of two-dimensional flow models when simulating the behaviour of AFM cantilevers operating in air, as exploited by earlier theoretical studies (3, 5) . When operating in water, however, our findings suggest that using two-dimensional fluid models instead of a fully three-dimensional treatment (that can capture the influence of hydrodynamic effects at the ends of the plate), introduces some degree of error into the predicted elastic responses. Although the range of end effects are largely comparable in both air and water near resonance (since the larger values of γ for a given frequency in water is countered by a drop in the frequency of the resonant peak), plates in water experience a larger overall fluid loading which may cause three-dimensional hydrodynamic effects at the ends of the plate to be more influential than those present in air; hence a discrepancy that is only observed in water. In fact, we note that there are other recent reports of three-dimensional fluid effects (26, 29) , and it would be of great interest to see how these predictions match up with experiments specifically designed to explore these issues.
Of course, the practical impact of these findings on devices such as the AFM have to be measured against other effects, such as noise in the measurements, renormalisation of the signal during post-processing of the data, parameter fitting for unknowns such as the cantilever spring constant, all of which may have dominated over this effect in earlier comparisons between theory and experiment. We should also note that certain devicespecific geometrical features neglected here may also be important. For example, the AFM cantilever is often endowed with a tip at its unclamped end, as well as a support structure at the other end, which may alter the precise details of the hydrodynamics, although the degree to which this may or may not happen will likely be a function of the precise geometry of the additional features. As these features will vary from device to device and may necessitate CFD simulation, they lie beyond the ambitions of the simple heuristic models presented here (but nonetheless warrant future study in a device-specific context). Nevertheless, in the quest for evermore precise measurements and data interpretation, this study suggests that the choice between two-and three-dimensional hydrodynnamic models should be made with some care.
Beyond the microdevice context which directly motivates this study, the thin-plate-theory approximation has the potential to ease the computational burden across a whole range of − 2kq e −kx 3 −qX 3 + e −qx 3 −kX 3 sin kx2 dk (B.1e) (q = k 2 + iγ 2 , ∂i = ∂/∂xi) is the wall-interaction term (calculated using Fourier transforms).
